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Abstract

We study Sturm-Liouville problems with right-hand boundary conditions depend-
ing on the spectral parameter in a quadratic manner. A modi ed Crum-Darb oux
transformation is usedto produce chains of problems almost isopsectral with the
given one. The problems in the chain have boundary conditions which in various
casesare a ne or hilinear in the spectral parameter, and in all casesculminate in a
problem with constart boundary conditions. This extendsrecert work of Binding,
Browne, Code and Watson whenthe right-hand condition is either ana ne function
of the spectral parameter with negative leading coe cien t or a Herglotz function.
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1 Intro duction

In this article we shall study the Sturm-Liouville problem

y®* ay=y 1)
yO
V(O) = cot (2)
yO
y(1):a2+b + c (3)
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Here q is an integrable function on [0; 1] and (2) is to be interpreted as the
Dirichlet condition y(1) = 0 should = 0. The coe cients a;b;c arereal and
we shallallow a to be either positive or negative. In this sensehis paperis both
a companionand a sequelto [1] where (3) wasreplacedby the a ne function
R( ) = a + b;a < 0. Interest in Sturm-Liouville problemswith boundary
conditions depending on the eigenparametethasa considerablehistory which
hasintensi ed in recen yearswith particular attention being paid to casesn
which the boundary condition at x = 1 involves various types of functions -
seee.g.[2,4,5,7lwherereferencedo earlier work are provided. Thus far, most
attention hasbeendewted to circumstancesn which the function R( ) used
in the boundary condition (3) is of Herglotz type

X p _
R()=a + b+ T ; a 0bh>0]=1:N,;
j=1

sothat in particular, while R may have a nite number of polesand thus,
for real , have a graph consisting of a number of branches, it is increasing
on ead of thesebranches. This makesit particularly suited for analysisvia
Prufer angle techniques which lead quickly to results concerningeigervalue
asymptotics and oscillation theory of eigenfunctions.Much has beenmade of
this in the above citations.

In arecen seriesof papersBinding, Browne and Watson [2,4{6] have studied
the useof the Crum-Darboux transformation on these problems. This trans-
formation, deweloped by Crum [10] but dating to Darboux, acts on a given
Sturm-Liouville problem of the above type with a Herglotz function R and pro-
ducesa new problem of similar type with a simpler function R whereeither a
is replacedby 0 or N is reducedby 1. An important feature is that the new
problemis isospectral with the original (or almostsoin that the two problems
have spectra which coincideexceptfor nitely many eigervalues). The trans-
formation, or repeated applications of it, reducesthe problem to an almost
isospectral one having classicalboundary conditions (i.e. conditions for which
R is constart) at x = 1. This work, while interesting and signi cant in its own
right in that it producesimportant new classeof isospectral Sturm-Liouville
problems of classicaland eigervalue-degenden types, has also provided the
necessarypadkground for considerationof inversespectral problemswith sud
eigenparameterboundary conditions. In this sense,the transformation has
sened two fundamertal purposesand interestin it and its usescortinues.

Focushasnow naturally turned to casesn which the increasingnature of the
function R is not demanded.The situation is nhow much more complicated,
with the possibility of non-real eigervaluesand of eigervalueswith algebraic
multiplicit y exceedingl being presen. The rst cortribution to this newarea,
and the companionto this paper, is to be found in [1], where the thrust



is to investigate the use of the Crum-Darboux transformation in the case
whenR( ) = a + b a < 0. While the expected complications do arise, the
interesting point is that the Crum-Darboux transformation can, with suitable
but non-trivial modi cations, again be usedto produce (almost) isospectral
problemswith constart boundary conditions thus once more providing new
classesf (almost) isospectral problemsand also setting the stagefor inverse
spectral theory.

Here we shall take R to be quadratic in  asin (3). Our aim will be to
demonstratethat the (modi ed) Crum-Darboux transformation can againbe
applied in this situation, producing, after suitably many iterations, problems
with constart boundary conditions. As with the previous studies, we nd
this interesting (and mathematically delicate becauseof the large number of
possibilities which can arise) in its own right. Of coursethe description and
classi cation of Sturm-Liouville problemswhich areiso (or almostiso) spectral
is one of signi cance and long standing interest. Here we shall have a chain
of such problemscommencingwith one having a quadratic type condition at
X = 1 asabove, linked to another whosecondition at x = 1 usually involvesa
bilinear function, then to another with an a ne function of , and nally to
a problem with constart boundary conditions. Another interesting aspect is
that the quadratic function in (3) hasa region whereits graph is decreasing
and a regionwhereit is increasing,sothat in somesenseit is a hybrid type
of situation. To our knowledge,this is the rst sud exampleto be studiedin
depth. Nonethelessthe Crum-Darboux transformation can still be employed
to advantage. Moreover, we seethis a rst step towards the study of inverse
spectral problemsfor situations in which R is a quadratic. We proposeto take
up that topic in a later article.

The plan of the paper is as follows. In Section 2, we briey descrike the
badground results giving existenceand asymptotics of the eigervaluesof (1,
2, 3) as well as the Prufer angle theory required to approad the problem.
We list results from [1] for completenesshere, but refer the reader to that
referencefor details. We list the various possibilities (24 in all) which can
arise in terms of the existenceof non-real eigervalues and of eigervalues of
algebraicmultiplicit y exceedingdl. A systematiccoding of thesepossibilitiesis
given. Section 3 reviewsthe de nition of, and results on, the Crum-Darboux
transformation. The following sectionsapply the transformation in the various
casesand descrike the manner in which the so-calledquadratic boundary
value problem (1, 2, 3) can be reducedto an almostisospectral problem with
constart boundary conditions so achieving our aim. Much of the material in
this paper is basedon the MSc thesis of the rst author [3].



2 Preliminaries

The main result concerningthe existenceand asymptotics of eigervaluesfor
our problem is taken from [2]:

Theorem 1 The problem(1, 2, 3) hasa sejuene of eigenvalues ,, n 0,
which, whenlisted aaccording to increasing real part and repeated according to
algebmic multiplicity, satisfy
(i) for n suciently large, all eigenvaluesare real and algebaically simple,
(i) there is at most one conjugate complexpair of non-real eigenvalues,
(i)
8 R
~%(n 3=2)2 2+2cot + gq+o i ; 6 0;

n R
T 172+ g0}

I
]
o

(iv) « D whee 2,n 0 arethe eigenvaluego the problem(1, 2) with
the Dirichlet condition y(1) = 0. Whena> 0 (resp.a< 0), ,> D , (resp.
n< P ,) for nsuciently large.

Prufer angletheory for this equationrestson the rst order nonlinear initial
value problem

Aix)=cos (;x)+( q(x))sin® (; X); (; 0= ;

the connectionwith (1) being via cot = y%y. This approad to eigervalue
theory is by now quite customary but a suitable referencefor results in this

areais [9]. It su ces hereto point out that the so-called\Pr afer curve" given
as a function of the (real) variable by cot (; 1) haspolesat = P,

n 0; and is decreasingon ead of its branches. Real eigervalues for (1,

2, 3) corresond to intersectionsbetweenthis curve and the quadratic R( ).

Moreover, eigervaluesof multiplicit y k > 1 correspnd to -valueswherethe

guadratic and the Prufer curve have contact of orderk 1: Details (for the case
ofane R) aregivenin [1], and [8] providesadditional material. The branches
of the Prufer curve, which we label B,,; n 0, correspnd to -intervals
(1 ; 91 (9; DI From this short discussion,we seethat a number of
possibilities can arise regarding the intersectionsof the Prufer curve and the
quadratic R( ). This also enablesus to provide a systematic coding of the
various typesof situations which can arise, extending and complemeting the
coding for a ne problemsgivenin [1].

The rst elemen of the code will consistof either D or N to indicate =
0 (a Dirichlet condition) or 6 0 (a non-Dirichlet condition) at x = 0,
respectively. Secondly we shall use Q*;Q ; to distinguish betweena > O0;



a < 0 respectively. The notations A ; B will also be used for problems
with an ane (respectively bilinear) conditon at x = 1 : R( ) = a + b
(respectively, R( ) = (a + b=(c + d) ), the distinction being made again
betweena > 0, a < O (respectively between > 0; < Owhere = ad bqg.
The third elemen of the code will decribe the nature of intersectionsbetween
the Prufer curve and the quadratic R.

When a > 0; the opening branch, By, of the Prufer curve will have either 2
intersections courted accordingto multiplicit y, or none with the quadratic.
The caseof two simple intersectionsis coded as (1,1), and that of a double
intersection as (2)o: When there are no intersectionson By; it is possiblefor
a later branch By; k > 0; to have three intersectionscourted accordingto
multiplicit y. Thesecan occur asthree simpleintersections- codedas(1,1,1);
as a simple intersection followed by a double intersection - coded (1,2)x; as
a double intersection followed by a simple intersection - coded (2,1)x; or as
a triple intersection - coded (3)x: The remaining possibility when By has no
intersections,is for eat By; k > 0; to have one simpleintersectionand in this
casethe problem (1, 2, 3) has a conjugate pair of non-real eigervalues. We
code this as C. As an example,DQ™ (1; 2)x would code a problem for which

= 0; the quadratic R hasa > 0, there are no intersectionson Bg; and on
somebranch By; k > O; there are three intersectionswhich, in accordwith our
listing of eigervalues,would correspndto 1< k= k+1. Fora> 0, we
have a total of 14 di erent cases.

Whena < 0,wenote rst that therewill always be oneintersectionon By. It is
possiblefor any branch Bi;k  0; to have three intersectionscourted accord-
ing to multiplicit y, and we usethe codings asabove with k 0. Alternativ ely,

there may be one simple intersection on ead branch and a conjugate pair of
non-real eigervalues,which we code againas C: This givesrise to 10 individ-

ual casesAs an exampleNQ C would descrike a problemwith > 0;a< 0
having a pair of non-realand a sequenceof real eigervalues. Other examples
are easyto construct and interpret. The net resultis that there are 24 di erent

possibilities for the problem (1, 2, 3).

3 The Crum-Darb oux transformation

Much of the material herecanbe found in [1], but we list it herefor complete-
nessand easeof reference.

De nition 2 Supmsethe functions fq;:::;fy satisfy (1) with = 4;:5 «
respectively. The Wronskian W (f 1; :::;f¢) is de ned asthe k  k determinant

W (f 115 Fi)(x) = det £ 1(x) i =1



whete the di er ential equation (1) is usal to repla@ second and higher order
derivativesof the f; in terms of f;, f and j for j = 1;:;k.

WhenW (f ;:::;f¢)(x) 6 00on[0; 1]wede ne the Crum-Darbouxtransformation
with base functions f 1;::;;fx as the mapping which, for a given function y
satisfying (1), produaesthe function e whee

_ W( s nnfiey)(x).
e(x) = W(f g f)(x)

(4)

The following important properties of this transformation are detailed in [1].

Theorem 3 Supmsethat f;:::;fy;y are solutionsof (1) with distinct simple
eigen@rametervalues 1;::; ; respctively. Then with e de ned asin (4),

(i)
€ - WAL foy(x)  WE s fi)(x).

E(X) B W(fq; ot y)(X) W(fqy o f)x)!
(i)
00, 5 Wo(fl;:::;fk)!d B
N N P 9 N

wherever W (fq;:::;fy) (X) 6 0,

(i) if k 2, with

_ W(fq; 5tk 1),
W(fq;nf)
we have
'
0 g 2 WYF 450 f) =
W (fq; )

wherever W (f 1; 25, f)(x) 6 0.

Theorem 4 Supmse” is an eigenvalueof (1,2,3) with algebaic multiplicity
m > 1 and with eigenfunctionf, and assaiated eigenfunctionsf;::;;f, 1
and supmse also that z is a function satisfying (1) with = : Then the



systemof functions wo; :::;; Wy, » de ned where W (z;fq)(x) 6 0 by

_ W(z;fofj).

W 1= Wzt ] =Lasm 1

satis es
L(Wo)zo
L(w)=w 1; j=L:m 2
wheme
Wizifo) © A
_ 00 Z;To A
Liy)= y™+ q 2 Wz fo) y:

Note that the result remains valid if z is omitted or replacedby z;;:::;z,
correspndingto 4;:::; , for somen 1:

We are now ready to apply the Crum-Darboux transformation to the various
possibilities arising from the problem (1,2,3).

4 Transformations with one base function

This section covers the simplest casesof transformation to a classicalSturm-
Liouville problem:viz. NQ* (1,1)o; NQ* (2)o and DQ* (1,1)o. In thesecasesthe
spectrum of (1-3) consistsof a real sequence 1< o< :itwith o= 4
occuring only in caseNQ* (2),. We take the correspnding eigenfunctionsto
bey,;n 0 (with y; beinginterpreted asthe assaiated eigenfunctionfor the
doubleeigervalue o= 1 in NQ*(2)o.

For NQ* (1,1)o and NQ™ (2)o we take f; = yo asthe singlebasefunction for a
Crum-Darboux transformation and de ne

W (f ;
1
It is important to note that yy, has no zerosin [0; 1] so that the e, are well
de ned.

For DQ* (1,1) we seethat y, vanishesat x = 0; so that a modi cation to
the above technique is required. We employ a perturbation approad which
will be usedfrequerly in later sections.Prefer theory shows that cot (; 1)



is decreasingin the initial condition and sowe select ; > 0 suciently
small so that the Prufer curve cot (; 1) with initial condition ; interects
the parabola R( ) for two distinct valuesof lying between 5 and ;. We
take asthe smallerof thesevaluesand take f, to satisfy

00 fP fo
fo+ofs= o ﬂ(o): cot g; ﬂ(l): R( ):

Note that f; has no zerosin [0; 1]. This function f; will be the single base
function in this caseand we de ne e, asin (5) above but with n 0.

Theorem 5 (i) For NQ*(1,1)o and NQ* (2)o; the transformation (5) with
n 1 geneatesthe eigenfunctionsto a Sturm-Liouville problemwith potential

"o

—h
o

Q=q 2

—
[N

and boundary conditions

y(0)=0;
y;(l): a (1+ (a o+ D)

a +ag+hb

(6)

where = R( o): Thetransformel problemhasreal simplespectrum ,,n 1.

(i) For DQ*(1,1), trge transformel problem has potential Q as alove and
boundary conditions VV(O) = cot 4, and (6) with = R( ): The spectrum is
givenby ,;n O

In all cases,the bilinear form giving the transformel boundary condition at
x = 1 hasdiscriminant a> 0.

Proof: Straightforward calculations using the results of the previous sections
verify the claimsthat the e, satisfy the transformed Sturm-Liouville equations
and the boundary conditions are routinely veri ed (although somecare must
be taken for the NQ* (2), case).In addition, the asymptotics for ,, and the
expectedeigervalue asymptoticsfor the transformed problem (see[2,7]) verify
that the spectrum of the transformed problem is as stated.

The upshot of this theoremis that the Crum-Darboux transformation, when
applied asaboveto any of the three typesNQ™ (1; 1)o, NQ* (2)o or DQ* (1; 1)o,
producesan iso- or almost isospectral problem of type DB* for the rst two
possibilities or NB* for the third. These problems are of the Herglotz type
discussedn Section1 and as sud we can appeal to the results of [4,5] and



apply further Crum-Darboux transformationsead with a singlebasefunction
to cometo an almostisospectral problem with constart boundary conditions.
This chain of transformations will proceedvia problems of the form NA™,
DA*. The ultimate outcomeis that thesecasesof (1,2,3) are linked directly
in an almost isospectral mannerto classicalproblems.

5 Transformations with two base functions

This section covers the majority of the casesdescrited in Section 2. A key
result from [1] is

Theorem 6 Let u; z be solutionsof (1,2) with replacd by and , and
replacd by and respctively. Supmsethat u and z havethe samenumter
of zeosin (0;1). If > and > thenW/(u;z) is nonzeo everywhee on
[0; 1].

Throughout this sectionthe spectrum will consist of real eigervalues. Addi-
tionally, y; will denotethe eigenfunctionasseiated with a simple eigervalue

i; and in the caseof a multiple eigervalue ; = 41 = = j+p, Weuse
Yi;Yi+1; Yj+p to denote the eigenfunction and asseiated eigenfunctions
respectively.

Firstly, we list a number of caseswhich can be approated by a perturbation
technique similar to that of the previoussection.In eat case we selectfor the
rst basefunction f; an eigenfunctionof (1,2,3) correspnding to an eigen-
value ; and for f, an eigenfunctioncorresmpnding to an eigervalue from a
perturbed problem with a newinitial condition ; obtainedby a small change
in . As before,the new Prufer curve using ; intersectsR( ) at a point
closeto ;. The two eigenfunctions(f 1;f,) will have the samenumber of zeros
in (0; 1) and the relation between ; and , andbetween and 1 ischosenso
that Theorem 6 applies. The method and the casesunder considerationhere
are collectedin Table 1 asfollows. We indicate the caseunder consideration
using our code, the nature of the spectrum as it appliesto intersectionsof
the kth branch By of the Prufer curve and R, the choice of ; and henceof
y; = f1, whether ; is obtained by an increaseor decreasén , and whether

is greaterthan or lessthan ;: It is instructive and helpful for the readerto
sketch typical situations asan aid to understandingthe table.

The upshot of theseremarksis that in ead of the casedisted above, we can
appeal to Theorem6 and claim that W (f ;;f,) doesnot vanish on [0; 1] and



Table 1
Caseshandled by Theorem 7.

CASE SPECTR UM ON By i 1
NQ™ (1,1,1) k1< k< ket « | increase| >
DQ* (1,1,1) Kk 1< k< ket « | increase| >
NQ (1,1,1k k< k#l < k42 ks1 | increase| > 41
DQ (1,1,1k k< K+l < k2 k+1 | increase| > 1
NQ™ (2,1)« k15 k< ket « 1| increase| > 1
DQ™ (2,1)k K 1= k< ket « 1| increase| > 1
NQ (2,1) K= kel < ke2 k | increase >
DQ (2,1) K= kel < ke2 k | increase >
NQ™ (1,2)« K 1< k= k+1 « | decrease| <
NQ (1,2)« k< kel = k+2 k+1 | decrease| < 41

hencewe can form a Crum-Darboux transformation by setting

_ W(faifaiyn),

:n 0 n6 j asperthe table. 7
W(tsifa) J asp (7)

We can calculate the boundary conditions satis ed by the functions e, with
the help of Theorem 3(i) as:

8
0 2cot @ — L if 60
i(o) - N cot cot 1 ‘ (8)
€n 70 if =0
0 b 1
cm= .t oajre - ©)
where = (a ;+ a + b):As beforetheseveri cations are routine although

extra careis neededin the casesof assaiated eigenfunctionsfor eigervalues
of multiplicit y 2.

Theorem 7 For the casedisted in Tablel, the Crum-Darbouxtransformation
(8) leadsto a Sturm-Liouville problemof type NA™ if 6 0O; and of type DA*
if = 0, with potential

"o
Wo(flifz) )

Q=9 2 Wiryty

10



with boundary condtions (8), (9) and with spectrumf ,:n O;n6 jg:

Proof: Wenote rst that ead of the casesnvolvesthree intersections(cournted
according to multiplicit y) beteween R( ) and the k™ brandch of the Prufer
curve cot (; 1). Sincethe Prufer curve is strictly decreasing,jt follows that
whena > 0 (respectively, a < 0) that at most one of theseintersectionscan
occur after the vertex of R (respectively, before the vertex of R). Thus at

= ; and at the nearly value ; the slope of R is negative. Now we seethat

= %(R( i)+ R( )) whereR( ) = diR( ). Thus > Oandthe transformed
problem is of the type claimedin the statemert. (Note that problemsof type
A" have real simple spectrum - seee.qg.[7].) Finally, the asymptotics for
givenin Theorem1 whencomparedwith the asymptoticsfor problemsof type
A" (see[2,7]) shaw that the spectrum of the transformedproblemis asstated.

Corollary 8 The Sturm-Liouville problemslisted in Table 1 can be linked
with two Crum-Darboux transformationsto classi@al problemswith constant
boundary conditions.

Proof: The use of a Crum-Darboux transformation with one base function

(either the eigenfunctionwith zerooscillation number or sud an eigenfunction
for a slightly perturbed problem) for transforming a problem of type A* to a

classicaloneis discussedn detail in [5] and indeedwas one of the rst cases
to be studied in this generalarea.

The upshot is that with a transformation using two basefunctions followed
by onewith a singlebasefunction, the casedisted in the table arelinkedto a
classicalproblem establishingvarious examplesof triples of almostisospectral
problems, one member of the triple having quadratic boundary conditions,
another having a ne boundary conditions and the third having classicalcon-
ditions.

In the next setof casedo be consideredwe again usetwo basefunctions, one
(f1) being an eigenfunctionfrom (1,2,3) correspndingto = ; as before,
but the other (f,) chosenasthe eigenfunctioncorrespnding to an eigervalue

= “‘jD for a perturbed problem with  replacedby ; where ; is greater
than  but suciently closeto it, and in which the right-hand boundary
condition is the Dirichlet requiremen, y(1) = 0. Thus %+ of, = f ,,
(f=f5) (0) = cot 4, f»(1) = 0. We tabulate the possibilities as before (see
Table 2).

Theorem 9 For the caseslisted in Table?2,

(i) W(fq;f,) doesnot vanishon [0; 1].

11



Table 2
Caseshandled by Theorem 9.

CASE SPECTR UM ON By i 1
DQ™ (2)o 0= 1 o | increase| 7§
DQ™ (1,2)k k1< k= ket k | increase| P
DQ (1,2) k< K+l = k+2 k+1 | increase| 7P
NQ™ (3)k k 15 k= k+1 k 1 | increase| ~P
DQ™ (3)«k k 15 k= k+1 k 1 | increase| ~P
NQ ()« K= Kkl = k+2 k | increase| ~P
DQ (3« K= kel = ke2 k | increase| P
(iWith
= —st(lf';’in); n 0 néj

we havethat the e, are the eigenfunctions(and whee appropriate asseiated
eigenfunctions)correspndingto , for a Sturm-Liouville problemwith poten-
tial

"o
WAqF 1;f2)

Q=9 2 Wirnty

and boundary conditions (8) at x = 0 and

yO
y(1)=a2+B +C

whete B and C are constantscalculablein terms of a, b, ¢, ; and
(iii) The function

fi

e = — -
W (fq;f2)

is also an eigenfunctionfor the transformeal problemfor eigenvalue .

Proof: (i) Note that f, and f, both have k zerosin (0; 1) sothe result follows
from Theorem6.

12



(i) The calculation of the boundary condition at x = 0 is as before. For the
condition at x = 1, we use Theorem 3(i) and note that

WHF 1 f2)(2) = O

Evaluation of the expression(Wf 1;f,;yn)=W(f 1;2;yn)) (1) is tedious but
routine.

(iif) The result followsfrom Theorem3(iii) anddirect veri cation of the bound-
ary conditions.

The e ect of the transformation in these casesis to generatea new Sturm-
Liouville problem with a quadratic boundary condition at x = 1 but with

the multiplicit y of the multiple eigervalue ; reducedby 1 and with a new
eigervlaue, , beingintroduced.Nonethelessthis new problemis includedin
those consideredin Table 1, hencewe may apply the methods there to nd

rstly a Crum-Darboux transformation with two basefunctions to reducethe
problemto an almostisospectral oneof type A* and then a subsequentrans-
formation with a single basefunction to cometo another almost isospectral
problemwith classicalboundary conditions. The net result is that we have, in

eadt of thesethesesituations, producedfour almostisospectral problems:two
with quadratic conditions, onewith an a ne condition and onewith classical
conditions. At ead step the potertial and boundary conditions can be given
in terms of the original problem.

6 Transformations with complex eigenvalues

The remaining casesfor study are those in which complex eigervalues are
presen. For thesesituations, we shalllist the spectrumof (1,2,3)as o= +i ,
( >0), 1= g, 2< 3< with y, beingthe correspnding eigenfunctions
as before.Note that y; = yo and that y, hasno zeroson (0; 1] - seee.qg.[1].
We commencewith the casesin which 6 0, i.e. NQ C. A key result from
[1] for this sectionis

Lemma 10 Let Oandsupmse = +i , > 0,isanon-real eigenvalue
for (1,2,3) with eigenfunctionf (x) = r(x)€ ( ¥ where (0) = O0andr(0) = 1,
(r%0) = 1if = 0). Thereis0< "< suchthat for each suciently large
and negative and for each ; 2 ("; ) thereare 52 ( ; ) and z having no
zes in [0; 1] satisfying

2° 20
2%+ qz= z; ;(0) = cot o; ;(1) = cot ,

13



and for which

rO ZO
?(x) > ;(x) 8x 2 [0;1] (8x2 (0;1]if = 0):

As in [1] for the casesNQ C we construct z asin Lemma 10 and usef; = z;
fo = yo; f3 = y1 = yo asthree basefunctions for a Crum-Darboux transfor-
mation sothat we de ne

_ Wt faifaiyn),
W(f1;faf3)

n 2 (10)

The analysisof this transformation follows the correspnding theory for the
ane case(whenR( ) = a + b;a< 0)with certain exceptionsand modi ca-
tions which we detail below. Howewer we canreadily claim that the e, satisfy
a Sturm-Liouville equationwith potertial

!
WHF g fofs3) °

Q=4 W (f1;f2f3) (1)

and initial condition y(0) = 0. For the boundary condition at x = 1, we have,
by Theorem 3(i), that

AGHERERD)
W(f1;f2;f3yn)

AGEH PR D)
W (fq;f2f3)

el .\ _ _
E(l) = (1) (1):

The secondterm of the right-hand side of this expressionis constart in
while for the rst we seethat the numerator is quadratic in  with roots at

= o, o. The denominatoris cubicin and alsohasroots at ; o: This
enablesus to write the boundary condition in the form

B
+C

e\ _
a(:L) = A

whereA; B; C are constarts. In fact, we can calculate explicitly the valuesof
thesequartities, but the one of interest is

1 j oj°
a

B = —— :
aj off ¢ (2a +b+cot ;

(12)

Lemma 11 We have(2a + b < 0.

Proof: Supposethe eigenfunction correspnding to o is written as F(x) +
iG(x) whereF and G are real functions. Note that G(0) = GY0) = 0: Then
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separatingreal and imaginary parts of

(F+iG)% g(F +iG)=( +1i )(F + iG)

we have

F gF = F G G®% qG= F+ G
Hence

FG® GF: (F%2+ G?
71

W(F;G)(1) = (F2+ G?):
0

Howewer at x = 1 we alsohave

FO+ iG°

F+iG

FF%+ GG+ i(FG° F%G)
F2+ G?

L=ai+by+c;

D= a(? H+b+c+i (2a +b :

From the imaginary parts of this equation we obtain

W(F;G)(1) _
Fry+ ey . 2D
and hence
R
a +py= 0"+ CY,

~(F2)+ G

Thus2a + b< 0,i.e. RY ) < 0, establishingthe result.

The consequencef this result is that the constart B in (12) will be positive
provided ischosensu ciently largeand negative. This givesus the following
result.

Theorem 12 For the casesNQ C the Crum-Darboux transformation (10)
with three base functions geneates a Sturm-Liouville problemwith potential
Q asin (11), boundary conditions

o Y- B . .
y(0) = O; y(l)—A TCWIthB>O,
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and with spectrum, , ,,n 2

Proof: The only point not covered above is the fact that is an eigervalue.
This is easily cheded;

o = W (f2; f3)
W(fq;f2f3)

is the correspnding eigenfunction and has no zerosin (0; 1]: Asymptotics
again verify that the full spectrum of the new problem s as claimed.

This transformedproblem hasa bilinear condition at x = 1 and is of the type
discussedn [4{6], and we can now apply a further two Crum-Darboux trans-
formations, ead with a singlebasefunction, to generatean almostisospectral
problem with constart boundary conditions.

The remaining casesDQ C are the least tractable mathematically and par-
allel the correspnding casesfor the situations whenR( )= a + b a< 0-
see[l]. Here we select large and negative and ; and construct z in accord
with Lemma10. Thenwith < and 7 1 We repeat the construction to
obtain another non-vanishing function w with

WO WO
W% gqw = w; W(O) = cot Y; W(l) =cotTy; o> o

r70(X) > Z;(X) > %O(X) on (0; 1]:

As in [1], it follows that W (w; z;Yyo; Y1) doesnot vanish on [0; 1] and as sud
is suitable for usein a Crum-Darboux transformation. This leadsto a new
problem with potential

|
WAW; Z;yory1) °

Q=d W (W; Z; Yo; V1)

boundary conditions

3(/)(0): y A A
Yo oy WAW; Z; Yo, Y1 ¥n)  WHW; Z;Yo; Y1)
Y(l)_ W(W; Z;Yo;Y1;¥n)  W(W; Z; Yo y1) (13)

spectrum < < ,< j3< ::andcorrespnding eigenfunctions

o, = N(ZYoiyr) . _ WWyoyr) |
W (W; Z; Yo; y1)’ W (W; Z; Yo; Y1)’
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o = WW:ZYoryiiyn).

W (W; Z; Yo; Y1)

A comparisonof asymptoticsshavs this listing to be the full setof eigervalues
and eigenfunctionsfor the transformed problem.

In the boundary condition (13), the secondterm on the right is constart in
termsof (= |, here),while the rst hasanumerator which is a fourth order
polynomial in  with rootsat o, o. The denominatoris cubicwith roots also
at o, o. Thuswe canrewrite the condition as

yO C

=) = + B+

y(1) A B D (14)
for someconstarts A; B;C; D which depend on the choicesof ; ; ; and

~1. While it is possibleto give expressiondor these constarts, their form is
unwieldy. Careful analysisshows that A < 0 for appropriate choicesof , ,

1 and 7, but little other information on the nature of the right-hand side
of (14) is readily available. Nonethelessthe important fact is that this new
problem has real simple spectrum. Further, both e, and e have no zeros
in (0; 1]. We can then invoke a standard (one basefunction) Crum-Darboux
transformation using a slightly perturbed problemwith potential Q, an initial
condition involving ; > 0 (but small) and a function h with no zerosin [0; 1]
satisfyingthe perturbed problemwith eigervalue < . This reasoningfollows
the argumernts in [1,6] or indeedin the earlier part of this article. The outcome
of this transformation is to give another problem with a non-Dirichlet initial
condition and a terminal condition which we calculate as

yO
y(l):A +B+ & A +B+ -&
+D +D
K +L
"M +N

for new constarts K;L; M;N: Thus the problem is now of a bilinear nature
and is isospectral with that obtained after the rst transformation. Again,
and importantly, the spectrum is real and simple; we may cortinue the pro-
cedurewith two more (single basefunction) Crum-Darboux transformations
to next produce a problem with an ane condition, and nally one with a

-independen condition at x = 1. In theory, the various coe cien ts appear-
ing at ead stage can be calculated, but the details are prohibitive and we
corntent ourseheswith the above descriptive approad. Howewer the outcome
is that the original DQ problem is linked almost isosgectrally, via the use
of Crum-Darboux transformations, to a problem with boundary conditions of
type (14), thenceto a bilinear problem, and thenceto an a ne problem and
so nally to a problemwith constarnt coe cents in the boundary conditions.
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